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ABSTRACT
A game-theoretic approach to the maximization of the infor-
mation rates of broadband multi-input-multi-output (MIMO)
Gaussian interference channels is proposed. The problem is
cast as a strategic noncooperative game with the MIMO links
as players and the information rates as payoff functions. The
Nash equilibrium solution of this game is a waterfilling opera-
tion and sufficient conditions for its existence and uniqueness
are presented. A distributed algorithm which requires no co-
operation among the users is presented along with conditions
for guaranteed global convergence of the proposed algorithm.
The efficacy of the proposed scheme is confirmed through a
design example.
Index Terms— Game theory, Nash equilibrium, water-
filling, broadbandMU-MIMO systems, Gaussian interference
channel
1. INTRODUCTION
Game theory allows the modeling of systems where the suc-
cess of individual decision makers is affected by the actions
of other users in the system [1]. This makes it an attractive
tool for resource allocation and transmitter power control for
many wireless communication systems, for instance, when
multiple transmission links in the same environment compete
for the use of spectrum to maximize their transmission rates
and cause mutual interference. This multi-user (MU) scenario
can be modeled as a strategic noncooperative game with self-
ish players where the links are the players and their infor-
mation rates are the payoff functions. The advantage of the
game-theoretic approach in this scenario is that this multi-
objective optimization problem that can only be solved by
centralized control is converted into a set of mutually cou-
pled single objective optimization problems. The solution to
games of this form is the famous Nash equilibrium [1]. When
the players of a game are in Nash equilibrium (NE), no player
can increase profits by unilaterally changing strategies. The
use of the NE as a competitive optimality criterion can al-
low this resource allocation problem to be solved with low
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complexity in a distributed fashion without any centralized
control. Important issues in the use of the NE as a compet-
itive optimality criterion are the conditions for existence and
uniqueness of the NE. Further, fully-distributed algorithms to
achieve the NE have to be designed and their convergence
conditions have to be characterized.
Related works and contributions: One of the earliest works
on multi-user dynamic resource allocation using game theory
for vector games was the waterfilling algorithm for digital
subscriber line (DSL) systems [2]. An asynchronous fully-
distributed waterfilling algorithm based on vector games for
SISO Gaussian frequency selective interference channels was
presented and characterized in [3]. Detailed studies on the na-
ture of the waterfilling-like Nash equilibrium for SISO Gaus-
sian frequency selective channels were covered in [4] using
matrix games and the waterfilling operation was interpreted as
the Euclidean projection of a vector onto a convex set in [5]
which enabled the derivation of convergence conditions for
MU waterfilling algorithms. This work has been extended
to narrowband MU-MIMO systems [6], [7] and cognitive ra-
dio [8] using matrix game theory. This paper builds on this
framework to solve the rate maximization problem for broad-
band MU-MIMO systems. To the best of our knowledge,
the rate maximization problem for broadband MIMO systems
has not been solved. The NE for this game, along with its
existence and uniqueness conditions are presented. A fully
distributed algorithm is proposed along with conditions for
guaranteed global convergence. The efficacy of the proposed
scheme is confirmed through simulation results using a design
example.
The paper is organized as follows: Section 2 describes
the system model and the assumptions made in the model.
Section 3 is a review of the waterfilling solution for MIMO
narrowband channels [6]. Section 4 extends the waterfilling
solution to broadband MIMO channels and presents an algo-
rithm to achieve the Nash equilibrium in a distributed man-
ner. Finally, Sections 5 and 6 present the numerical results
and conclusions of this work respectively.
Notations used: Vectors and matrices are denoted by low-
ercase and uppercase boldface letters respectively. The op-
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erators (·)H , E{·},Tr(·) and || · ||2 are respectively Hermi-
tian, expectation, trace and Euclidean norm operators. The
quantity [A]ij refers to the (i, j) element of A and A  0
indicates that A is positive semidefinite. The sets Cm×n and
R
m×n
+ are respectively the set of m × n matrices with com-
plex and non-negative real elements. The spectral radius of
matrix A [9] is denoted by ρ(A) and (x)+  max(0, x).
2. SYSTEM MODEL
Consider a broadband MIMO Gaussian interference channel
with N frequencies, composed of Q MIMO links. At any
frequency f , the signal vector yfq ∈ C
nRq×1 measured at the
receiver of user q is
yfq = H
f
qqx
f
q +
∑
r =q
Hfrqx
f
r + n
f
q (1)
whereHfrq ∈ C
nRq×nTr is the channel matrix between source
r and destination q, xfq ∈ C
nTq×1 is the vector transmit-
ted by source q and nfq ∈ C
nRq×1 is the receiver noise of
user q, which is a zero-mean circularly symmetric complex
Gaussian vector with an arbitrary (non-singular) covariance
matrix Rnq . The second term in the right hand side of (1)
is the Multi-User Interference (MUI) observed at the desti-
nation q, which is treated as additive spatially coloured noise.
The channel is assumed to be quasi-stationary for the duration
of the transmission. At each receiver q, the channel matrix
Hfqq is assumed to be known and to be square and nonsingu-
lar. Also, each receiver is assumed to be able to measure the
covariance matrix of the noise plus MUI generated by other
users. Based on this information, each destination q computes
the optimal covariance matrices Qfq  E{x
fxf
H
} for each
frequency f for its own link and transmits it back to its trans-
mitter in a low bit-rate error-free feedback channel.
3. MIMO WATERFILLING SOLUTION FOR
NARROWBAND CHANNELS
Consider the system in (1) at a single frequency f as a strate-
gic noncooperative game with the MIMO links as players and
information rates of the respective links as payoff functions.
Dropping the superscript f for simplicity, the information rate
Rq(Qq,Q−q) for this system can be written as [6]
Rq(Qq,Q−q) = log det(I + QqH
H
qqR
−1
−qHqq) (2)
where R−q  Rnq +
∑
r =q HrqQrH
H
rq is the interference
plus noise covariance matrix observed by destination q, and
Q−q  {Qr}
Q
r =q is the set of covariance matrices of all users
except the q-th user.
Each player q competes rationally against other users in
order to maximize its own information rate Rq(Qq,Q−q) by
designing the optimal covariance matrix Qq , given the con-
straint
E
{
||xq||
2
2
}
≤ Tr(Qq) ≤ Pq (3)
where Pq is the maximum average power transmitted in units
of energy per transmission. Mathematically, the game can be
written as
(G 1) :
maximize
Qq
Rq(Qq,Q−q)
subject to Qq ∈ Qq
∀q ∈ Ω (4)
where Ω  {1, . . . , Q} is the set of the Q players (i.e. MIMO
links), Rq(Qq,Q−q) is the payoff function of player q as
given in (2) and the set of admissible strategies of player q,
Qq , is defined as
Qq  {Q ∈ C
nTq×nTq : Q  0, Tr(Qq) = Pq}. (5)
The inequality constraint in (3) is replaced with the equality
constraint here as, at the optimum of each problem in (4),
the constraint must be satisfied with equality [6]. Further,
the players can be limited to pure strategies instead of mixed
strategies, as shown in [4]. The solution to the game G1 is the
famous Nash equilibrium (NE). At any NE of this game, the
optimum action profile of the players {Qq}q∈Ω must satisfy
Qq = WFq(Q

1, . . . ,Q

q−1,Q

q+1, . . . ,Q

Q) = WFq(Q

−q).
(6)
The waterfilling operator WFq(·) is defined as [6]
WFq(Q−q)  Uq(μqI−D
−1
q )
+UHq (7)
where μq is chosen to satisfy Tr
(
(μqI−D
−1
q )
+
)
= Pq. The
matrices Uq and Dq are calculated from the eigendecompo-
sition
HHqqR
−1
−qHqq  UqDqU
H
q (8)
4. MIMO WATERFILLING SOLUTION FOR
BROADBAND CHANNELS
4.1. Problem formulation - the rate maximization game
In a broadband MIMO system (such as MIMO-OFDM), the
power allocation has to be performed across both frequency
and space (viz. transmit antennas). This is achieved by de-
signing an optimum covariance matrix for each frequency chan-
nel such that the sum of the information rates of all channels is
maximized. DefiningQq as the set of the covariance matrices
of player q for the N frequency bins,
Qq  {Q
1
q, . . . ,Q
N
q }, Q
f
q ∈ C
nTq×nTq , (9)
this problem can be cast in the game-theoretic framework as
(G2) :
maximize
Qq
Rq(Qq,Q−q)
subject to Qq ∈ Q¯q
∀q ∈ Ω (10)
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whereRq(Qq,Q−q) 
∑N
f=1 R
f
q (Q
f
q ,Q
f
−q) andR
f
q (Q
f
q ,Q
f
−q)
is defined similar to (2). The set of admissible strategies of
player q, Q¯q, is defined as
Q¯q  {Q :
N∑
f=1
Tr(Qfq ) = Pq; Q
f
q  0 }. (11)
4.2. Nash equilibrium of G2
At any NE of game G2, if it exists, the optimum action profile
of the players {Qq}q∈Ω must satisfy the following simultane-
ous multi-user waterfilling solutions: ∀q ∈ Ω,
Qq = WFq(Q

1, . . . ,Q

q−1,Q

q+1, . . . ,Q

Q) = WFq(Q

−q).
(12)
The waterfilling operator WFq(·) is defined as
WFq(Q−q) 
{
Ufq (μ˜qI−D
f
q
−1
)+Ufq
H}
f = 1, . . . , N
(13)
where μ˜q is chosen to satisfy
∑N
f=1 Tr
(
(μ˜qI−D
f
q
−1
)+
)
=
Pq . The matrices U
f
q and D
f
q are calculated from the eigen-
decomposition
Hfqq
H
R
f
−q
−1
Hfqq  U
f
qD
f
qU
f
q
H
. (14)
4.3. Existence and uniqueness of Nash equilibrium
The non-negative matrix S ∈ RQ×Q+ is defined as
[S]qr 
{
max
f
ρ
(
Hfrq
H
Hfqq
H−1
Hfqq
−1
Hfrq
)
, if r = q,
0, otherwise.
(15)
The sufficient condition for existence and uniqueness of the
NE of game G2 is given by the following theorem:
Theorem 1 Game G2 has at least one NE for any set of chan-
nel matrices and transmit powers of the users. Furthermore,
the NE is unique if
(C1): ρ(S) < 1 (16)
where S is defined in (15).
Due to space constraints, the proofs for Theorem 1 (and The-
orem 2) have been omitted and will be presented in future
publications.
4.4. Broadband MIMO waterfilling algorithm
LetQ
(n)
q denote the set of covariance matrices of user q at the
n-th iteration. A distributed algorithm using sequential update
order to reach the NE of game G2 is described in Algorithm 1
Fig. 1: System with 2 MIMO links having nT = nR = 4. θqr
is the electrical angle of the signal observed at destination r
from source q.
Algorithm 1 Broadband MIMO Waterfilling Algorithm
Set n = 0 and Q
(0)
q ← any Q ∈ Q¯q, ∀q ∈ Ω
for n = 0 to Nt do
∀q ∈ Ω,
Q
(n+1)
q =
{
WFq(Q
(n)
−q ), if(n + 1) mod Q = q
Q(n)q , otherwise
end for
The convergence of Algorithm 1 is guaranteed under the
following sufficiency condition:
Theorem 2 The broadband MIMO waterfilling algorithm de-
scribed in Algorithm 1 converges to the unique NE of game G2
as Nt →∞ for any set of feasible initial conditions if condi-
tion (16) is satisfied.
It is to be noted that Theorem 2 using condition (16) guaran-
tees the global convergence of the broadband MIMO water-
filling algorithm to the unique NE despite game G2 and the
waterfilling operation WFq(·) being nonlinear.
5. NUMERICAL RESULTS
To demonstrate the working of the algorithm, a broadband
system having 2 MIMO links and 4 frequencies is consid-
ered. The source and destination both have 4 antennas placed
as a uniform linear array as shown in Figure 1. The signal
at destination r from source q is assumed to be at an electri-
cal angle θqr + , where  is a small Gaussian random vari-
able that varies across different frequencies. This setup allows
the demonstration of coherence in the beamformer direction
across frequencies. It is to be noted that the algorithm is ap-
plicable to any channel, such as MIMO-OFDM channels with
multi-path propagation. Figure 2 is the plot of total informa-
tion rate of each user against iteration index for the system
shown in Figure 1, with θ11 = 0, θ12 = −2∗pi/6, θ21 = pi/6
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Fig. 2: Information rates of two links with 4 antennas each
v/s iteration index with θ11 = 0, θ12 = −2∗pi/6, θ21 = pi/6
and θ22 = 2 ∗ pi/3.
and θ22 = 2 ∗ pi/3. As seen in the figure, the broadband
MIMO waterfilling algorithm has very fast convergence.
Figure 3 shows the plot of the beamforming patterns asso-
ciated with the dominant eigenvalues of the optimal covari-
ance matrices computed using the broadband MIMO water-
filling algorithm for the above setup. The major lobes are in
the direction of the appropriate receiver at all frequencies for
both users. There are no side lobes as the system considered
does not have multipath propagation. The fast convergence
and appropriate beamformer directions have been observed
for many channel realizations and different number of users
and frequencies.
6. CONCLUSIONS
This paper presented a distributed waterfilling algorithm for
resource allocation in broadband MIMO Gaussian interfer-
ence channels with square (nonsingular) channel matrices.
This was done in a game-theoretic framework by consider-
ing it as a rate maximization game and the Nash equilibrium
for this game was presented. The condition for its existence
and uniqueness were presented and a distributed algorithm to
reach the Nash equilibrium was demonstrated. The frame-
work proposed in this paper can be extended to broadband
MIMO systems with arbitrary channel matrices and other in-
teresting scenarios.
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